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In the present paper we establish some evolution inequalities related to Sobolev
type evolution equations. The inequalities established here can be used to study
the uniqueness and asymptotic growth of solutions of the corresponding evolution
inequalities in a Hilbert space. Q 2000 Academic Press
1. INTRODUCTION
Let J be an interval on the real line R and let Rq be a real and
nonnegative real line. Let H be a Hilbert space, real or complex, and let
Ž . Ž .D t : H, for each t g J, be a dense linear subspace. Denote by , the
5 5inner product on H and by ? the corresponding norm. We denote by
w xC J, H the space of continuous functions from J into H and if u g
duw xC J, H then u9 or denotes the derivative of u with respect to t in thedt
Ž . Ž . Ž .strong topology of H. Let B t , A t , and M t be linear operators
Ž . Ž .mapping D t into H. The operator A t is supposed to admit a decompo-
sition of the form
A t s A t q m A t q A t , 1.1Ž . Ž . Ž . Ž . Ž .Ž .1 2 3
Ž . Ž . Ž .where A t i s 1, 2, 3 are linear operators defined on D t and m is ai
nonnegative constant. The aim of the present paper is to obtain lower
bounds which can be used to study the uniqueness and asymptotic growth
results for solutions of the differential inequalities
B t u9 t y A t u t F F t , p t , q t 1.2Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
and
B t u9 t q M t u t y A t u t F G t , p t , q t , 1.3Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
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Ž . Ž Ž . Ž . Ž .. Ž Ž .. Ž Ž ..where p t s u t , B t u t q N u t with N u t a nonnegative non-
Ž . Ž . Ž Ž . Ž . Ž . Ž ..linear functional defined on D t , q t s A t u t , B t u t , and F, G1
are functions from J = Rq= R into Rq. We define
q tŽ .
Q t s whenever p t / 0.Ž . Ž .
p tŽ .
The uniqueness and stability of the null solution of the special form of
Ž . w xthe inequality 1.2 has been investigated by Levine 8 by using the well
w xknown technique of logarithmic convexity. In 5 the authors have obtained
the lower bounds and uniqueness for solutions of the special form of the
Ž . Ž . Ž .inequality 1.2 when B t s I the identity operator by using the theory
w xof first order differential inequalities. The results established in 5 yield in
w xthe special case some of the key results established in 1, 12 . In this paper
we obtain results for the more general differential inequalities of the
Ž . Ž .forms 1.2 and 1.3 which offer a much wider range of applications to
w xlarge classes of differential equations than in 1, 5, 7, 11]13 . Our results in
Ž . Ž .the general framework of inequalities 1.2 and 1.3 are greatly influenced
by the recent studies of nonlinear evolution equations of Sobolev type in
w x2, 4, 9, 10, 14, 15 ; see also the references given therein.
2. STATEMENT OF RESULTS
Before stating our results we first list for convenience the following
hypotheses.
Ž . Ž .H For each t g J, B t is symmetric and there is a constant l ) 01
such that
u , B t u G l u , u ,Ž . Ž .Ž .
Ž .for all u g D t .
Ž .H For each t g J2
1
lim B t q d u y B t u s B9 t uŽ . Ž . Ž .
dd“0
Ž .exists in the strong sense for all u g D t .
Ž . 1w x Ž .H For each u g C J, H such that u and u9 are D t valued,3
Ž Ž . .u, B t u is continuously differentiable and
u , B9 t u F 2a t u , B t u ,Ž . Ž . Ž .Ž . Ž .0
w qxfor a g C J, R .0
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Ž . Ž .H For each t g J, A t is symmetric and4 1
A t u , u F a t u , B t u ,Ž . Ž . Ž .Ž .Ž .1 1
Ž . w qxfor all u g D t and a g C J, R .1
Ž . Ž . Ž .H For each t g J, A t and A t are skew symmetric, i.e.,5 2 3
Ž Ž . . w xRe A t u, u s 0 for i s 2, 3. There exist functions h g C J = R, Ri i
Ž . Ž . Ž . Ž .i s 1, 2, 3 such that for any solution u t of 1.2 with p t / 0 and for
1 Ž .any number m, 0 F m - satisfying 1.1 we have3
2
m A t u , A t u G ym p t h t , Q t y m A t u y Q t u ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .1 2 1 1
2.1Ž .
2 2
m A t u F m p t h t , Q t q m A t u y Q t u . 2.2Ž . Ž . Ž . Ž . Ž . Ž .Ž .3 2 1
1w x Ž .And for each u g C J, H such that u and u9 are D t valued,
Ž Ž . Ž . .A t u, B t u is continuously differentiable and1
A t u , B9 t u F a t u , B t u , 2.3Ž . Ž . Ž . Ž . Ž .Ž .Ž .1 2
w qxfor a g C J, R and2
d
A t u , B t u y A t u , B9 t u y A t u , B t u9Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 1 1dt
2G yp t h t , Q t y m A t u y Q t u . 2.4Ž . Ž . Ž . Ž . Ž .Ž .3 1
Ž . Ž . Ž . Ž .H The hypothesis H holds for any solution u t of 1.3 with6 5
2Ž . Ž .p t / 0 and for any number m, 0 F m - satisfying 1.1 .7
Ž . w qxH There exists a function b g C J, R such that7
5 5 2M t u F 2b t u , B t u ,Ž . Ž . Ž .Ž .
Ž .for all u g D t .
Ž . Ž Ž ..H For each t g J, the functional N u t is differentiable with8
respect to t and
d
N u t F 2a t p t ,Ž . Ž . Ž .Ž . 3dt
Ž . w qxfor all u g D t and a g C J, R .3
Ž . w qxH There exists a function f g C J = R, R such that for all9
Ž .t g J and p t / 0,
'F t , p t , q t F p t f t , Q t .Ž . Ž . Ž . Ž .Ž . Ž .
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Ž . w qxH There exists a function g g C J = R, R such that for all10
Ž .t g J, p t / 0,
'G t , p t , q t F p t g t , Q t .Ž . Ž . Ž . Ž .Ž . Ž .
Ž . w x Ž .H There exists a function z g C J = R, R such that z t, y is11 1 1
nondecreasing in y for each t g J, and
1
y2 f t , y q a t q a t q a t G z t , y ,Ž . Ž . Ž . Ž . Ž .0 1 3 1'l
t G t , t g J .0
Ž . w x Ž .H There exists a function z g C J = R, R such that z t, y is12 2 2
nondecreasing in y for each t g J, and
1
2 f t , y q a t q a t q a t F z t , y , t F t , t g J .Ž . Ž . Ž . Ž . Ž .0 1 3 2 0'l
Ž . w x Ž .H There exists a function w g C J = R, R such that w t, y is13 1 1
nondecreasing in y for each t g J, and
1 1
y2 g t , y q b t q a t q a t q a t qŽ . Ž . Ž . Ž . Ž .0 1 3' 2ll
G w t , y , t G t , t g J .Ž .1 0
Ž . w x Ž .H There exists a function w g C J = R, R such that w t, y is14 2 2
nondecreasing in y for each t g J, and
1 1
2 g t , y q b t q a t q a t q a t qŽ . Ž . Ž . Ž . Ž .0 1 3' 2ll
F w t , y , t F t , t g J .Ž .2 0
Ž . Ž .Throughout we assume that there exist y t and y t , the right1 2
minimal and left maximal solutions, respectively, of the scalar initial value
problem
y9 t s yr t , y t , y t s Q t , 2.5Ž . Ž . Ž . Ž . Ž .Ž .1 0 0
where
3 1 y 3mŽ .
< < < <r t , y s h t , y q 2 y a t q a t q a t q yŽ . Ž . Ž . Ž . Ž .Ž .1 0 3 2 l
< < 21 q 3 y y
2q f t , y q ,Ž .
4 1 y 3m lŽ .
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1wherein 0 F m - , and3
m
h t , y s mh t , y q h t , y q h t , y , 2.6Ž . Ž . Ž . Ž . Ž .1 2 32
Ž . Ž .and there exist y t and y t , the right minimal and the left maximal3 4
solutions, respectively, of the scalar initial value problem
y9 t s yr t , y t , y t s Q t , 2.7Ž . Ž . Ž . Ž . Ž .Ž .2 0 0
where
< <r t , y s h t , y q 2 y a t q a t q a tŽ . Ž . Ž . Ž . Ž .Ž .2 0 3 2
< < < <1 q y 1 q 3 y
2< <q b t q y q g t , yŽ . Ž .
2 y 7m 2 y 7mŽ . Ž .
3 y 7m y2Ž .
< <q y q ,
l l
2 Ž . Ž .wherein 0 F m - and h t, y is as defined in 2.6 .7
Ž . Ž .Remark 1. We note that here our choice of hypotheses H ] H and1 4
Ž . w x Ž . Ž .H is suggested by the work of Levine 8 and the hypotheses H , H ,7 5 6
Ž . Ž . w xH ] H are closely related to those of hypotheses used in 1, 5, 12 . We8 14
Ž . Ž . Ž .observe that in the special case when M t s B9 t , the inequality 1.3
reduces to the following form:
B t u t 9 y A t u t F G t , p t , q t , t g J . 2.8Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž . Ž .In fact the inequality 2.8 or its more general form 1.3 is motivated by
the evolution equations of Sobolev type recently studied by the authors in
w x2, 4, 9 .
We are now in a position to state our results to be proved in this paper.
Ž . Ž .THEOREM 1. Let u t be a solution of the inequality 1.2 and t g J.0
Ž . Ž . Ž . Ž .Suppose that the hypotheses H ] H , H , H hold.1 5 8 9
Ž . Ž . Ž .i If hypothesis H holds and y t is the right minimal solution of11 1
Ž .2.5 , then
t
p t G p t exp z s, y s ds , t G t , t g J . 2.9Ž . Ž . Ž . Ž .Ž .H0 1 1 0ž /t0
Ž . Ž . Ž .ii If hypothesis H holds and y t is the left maximal solution of12 2
Ž .2.5 , then
t0p t G p t exp y z s, y s ds , t F t , t g J . 2.10Ž . Ž . Ž . Ž .Ž .H0 2 2 0ž /t
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Ž . Ž .THEOREM 2. Let u t be a solution of the inequality 1.3 and t g J.0
Ž . Ž . Ž . Ž . Ž .Suppose that the hypotheses H ] H , H ] H , H hold.1 4 6 8 10
Ž . Ž . Ž .i If hypothesis H holds and y t is the right minimal solution of13 3
Ž .2.7 , then
t
p t G p t exp w s, y s ds , t G t , t g J . 2.11Ž . Ž . Ž . Ž .Ž .H0 1 3 0ž /t0
Ž . Ž . Ž .ii If hypothesis H holds and y t is the left maximal solution of14 4
Ž .2.7 , then
t0p t G p t exp y w s, y s ds , t F t , t g J . 2.12Ž . Ž . Ž . Ž .Ž .H0 2 4 0ž /t
The inequalities established in Theorems 1 and 2 can be used to
establish the following theorems which deal with the uniqueness and
Ž . Ž .asymptotic growth of the solutions of 1.2 and 1.3 .
Ž .THEOREM 3. Assume that the hypotheses of Theorem 1 or Theorem 2
Ž . Ž . Ž Ž .. Ž .hold. Then for any solution u t of 1.2 or 1.3 either p t ) 0 for all
Ž . Ž Ž .. Ž .t g J or p t ’ 0 on J. In the special case when N u t ’ 0, if u t s 0 for0
Ž . Ž . Ž Ž ..some t g J, then the solution u t of 1.2 or 1.3 must ¤anish identically.0
Ž .THEOREM 4. Assume that the hypotheses of Theorem 1 or Theorem 2
Ž . Ž . Ž Ž ..hold on the whole real line R. Let u t be a solution of 1.2 or 1.3 .
Suppose that there exist constants a, b, k , k where a G 0, b ) 0, and k , k1 2 1 2
depend on the solutions such that
p t s O eya t as t “ y‘, 2.13Ž . Ž . Ž .
p t s O eyŽ aqb. t as t “ q‘ 2.14Ž . Ž . Ž .
and either
t yk t1exp y z s, y s ds s O e as t “ q‘,Ž . Ž .Ž .H 1 1ž /t0
t0 yk t1exp z s, y s ds s O e as t “ y‘, 2.15Ž . Ž . Ž .Ž .H 2 2ž /t
=or
t yk t2exp y w s, y s ds s O e as t “ q‘,Ž . Ž .Ž .H 1 3ž /t0
t0 yk t2exp w s, y s ds s O e as t “ y‘. 2.16Ž . Ž . Ž .Ž .H 2 4ž /t
Ž .Then p t must ¤anish identically on R.
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Remark 2. We note that the results of the form established in the
w xabove theorems were given by the authors in 5 in the special case when
Ž .B s I the identity operator , which generalized similar results established
w xearlier in 1, 12 . Our results in Theorems 1]4 can be considered as further
w xgeneralizations of the results given in 5 .
3. PROOFS OF THEOREMS 1]4
Define
Lu t s B t u9 t y A t u t , 3.1Ž . Ž . Ž . Ž . Ž . Ž .
Ž .for t g J. Suppose that for all t g J, p t ) 0. Hereafter, throughout the
Ž . Ž .proof we suppress the variable t. Differentiating p, using 3.1 , 1.1 , the
symmetry of A , and the skew symmetry of A and A we obtain1 2 3
d
p9 s 2 Re Lu , u q 2 A u , u q u , B9u q N u . 3.2Ž . Ž . Ž . Ž . Ž .1 dt
Ž . Ž . Ž .From 3.2 , by virtue of the Schwarz inequality, hypotheses H , H ,1 3
Ž . Ž . Ž .H , H , and the fact that u, Bu F p for t g J, we obtain4 9
d 1
p9 y N u F 2 f t , Q q a q a p. 3.3Ž . Ž . Ž .0 1'dt l
Ž . Ž .From 3.3 and hypothesis H we have8
1
p9 G y2 f t , Q q a q a q a p , t g J 3.4Ž . Ž .0 1 3'l
and
1
p9 F 2 f t , Q q a q a q a p , t g J . 3.5Ž . Ž .0 1 3'l
Differentiating q, we have
d
q9 s A u , Bu q A u , B9u q A u , Bu9 , 3.6Ž . Ž . Ž .1 1 1ž /dt
Ž w x.where as in 1
d d
A u , Bu s A u , Bu y A u , B9u y A u , Bu9 . 3.7Ž . Ž . Ž . Ž .1 1 1 1ž /dt dt
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Ž . Ž . Ž .Using 1.1 and 3.1 in 3.6 we have
d
q9 s A u , Bu q A u , B9u q A u , Lu q A u , A uŽ . Ž . Ž .1 1 1 1 1ž /dt
q m A u , A u q m A u , A u . 3.8Ž . Ž . Ž .1 2 1 3
It is easy to observe that
5 5 2 5 5 2 2 5 5 2A u y Qu s A u y 2Q A u , u q Q u . 3.9Ž . Ž .1 1 1
Ž . Ž . Ž .Differentiating Q and using 3.2 , 3.8 , and 3.9 we have
1
 4Q9 s q9 y Qp9
p
1 d d
s A u , Bu y Q N u q m A u , A u q m A u , A uŽ . Ž . Ž .1 1 2 1 3½ ž /p dt dt
q A u , B9u q A u , Lu y 2Q Re Lu , uŽ . Ž . Ž .1 1
2 225 5 5 5yQ u , B9u q A u y Qu y Q uŽ . 1 5
1
 4s J q J q J q J q J . 3.10Ž .1 2 3 4 5p
Ž .We next obtain estimates on J i s 1, 2, 3, 4, 5 .i
Ž . Ž .From 3.7 and 2.4 we have
5 5 2J G yph t , Q y m A u y Qu . 3.11Ž . Ž .1 3 1
Ž .From hypothesis H we see that8
< <J G y2 Q a p. 3.12Ž .2 3
Ž .From 2.1 we have
5 5 2J G ym ph t , Q y m A u y Qu . 3.13Ž . Ž .3 1 1
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Ž .By virtue of 2.2 , skew symmetry of A , and Schwarz and arithmetic]3
geometric mean inequalities we have
J s m A u , A uŽ .4 1 3
s m A u y Qu q Qu, A uŽ .1 3
s m A u y Qu, A uŽ .1 3
5 5 5 5F m A u y Qu A u1 3
m m2 25 5 5 5F A u y Qu q A u1 32 2
m25 5F m A u y Qu q ph t , Q ,Ž .1 22
which implies that
m25 5J G ym A u y Qu y ph t , Q . 3.14Ž . Ž .4 1 22
Ž .From 2.3 we observe that
A u , B9u G ya p. 3.15Ž . Ž .1 2
Ž . Ž .By virtue of hypotheses H , H , and Schwarz and arithmetic]geometric1 9
mean inequalities, we obtain, for any constant c ) 0,
A u , Lu s A u y Qu q Qu, LuŽ . Ž .1 1
s A u y Qu, Lu q Qu, LuŽ . Ž .1
5 5 5 5 < < 5 5 5 5G y A u y Qu Lu y Q u Lu1
c 12 25 5 5 5G A u y Qu y Lu12 2c
< < < <Q c Q2 25 5 5 5y u y Lu
2 2c
c 12 25 5 < <w xG y A u y Qu y 1 q Q pf t , QŽ .12 2c
< <Q c
y p , 3.16Ž .
2l
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and similarly we obtain
< < < <Q Q c
2y2Q Re Lu , u G y pf t , Q y p. 3.17Ž . Ž . Ž .
c l
Ž . Ž . Ž .Using the fact that u, Bu F p, hypotheses H and H , respectively, it3 1
is easy to observe that
< <yQ u , B9u G y2 Q a p 3.18Ž . Ž .0
and
Q222 5 5yQ u G y p. 3.19Ž .
l
Ž . Ž .From 3.15 ] 3.19 we get
c 12 25 5 < <w xJ G 1 y A u y Qu y 1 q 3 Q pf t , QŽ .5 1ž /2 2c
< < 23 Q c Q
< <y p y a p y 2 Q a p y p. 3.20Ž .2 02l l
Ž . Ž . Ž . Ž .Using 3.11 ] 3.14 and 3.20 in 3.10 and choosing c s 2 y 6m, 0 F m
1- , we obtain3
3 1 y 3mŽ .
< < < <Q9 G yh t , Q y 2 Q a q a q a y QŽ . Ž .0 3 2 l
< < 21 q 3 Q Q
2y f t , Q yŽ .
4 1 y 3m lŽ .
s yr t , Q . 3.21Ž . Ž .1
Ž . Ž w x.The differential inequality 3.21 yields see 6, pp. 15]20
Q t G y t , t G t , t g J 3.22Ž . Ž . Ž .1 0
and
Q t F y t , t F t , t g J . 3.23Ž . Ž . Ž .2 0
Ž . Ž . Ž .Assume that hypothesis H is satisfied. Then using H and 3.22 we11 11
get
p9 G z t , y p , t G t , t g J ,Ž .1 1 0
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Ž . Ž .from which the inequality 2.9 follows. Now assume that hypothesis H12
Ž . Ž .is satisfied. Then using H and 3.23 we get12
p9 F z t , y p , t F t , t g J ,Ž .2 2 0
Ž .from which the inequality 2.10 follows.
Ž . Ž . Ž .Thus we have proved 2.9 and 2.10 assuming that p t ) 0 for t g J.
It remains to eliminate this assumption. It is easy to observe that if
Ž . Ž . Ž .p t s 0 for t g J the bounds 2.9 and 2.10 are valid. Suppose that0 0
Ž . Ž .p t ) 0. We claim that p t ) 0 for all t g J, and hence that the0
previous arguments are valid. Suppose by way of contradiction that there
w . Ž . w . Ž .exists an interval t , t such that p t ) 0 on t , t but p t s 0. Since0 1 0 1 1
Ž . w .2.9 holds for all t g t , t it follows by continuity that the same bound0 1
Ž .holds also at t s t , contradicting the hypothesis p t s 0. A similar1 1
Ž .argument involving 2.10 is valid in case t is the right end point of the0
above interval. This completes the proof of Theorem 1.
The details of the proof of Theorem 2 are similar to those of given in
the proof of our Theorem 1 with suitable modifications and hence we omit
its details.
Ž .We next prove Theorems 3 and 4 corresponding to the solution of 1.2
and similar arguments complete the proofs corresponding to the solution
Ž .of 1.3 .
Ž . Ž . Ž .Let u t be any solution of 1.2 . It is easy to observe from 2.9 and
Ž . Ž . Ž .2.10 that if p t ) 0, then p t ) 0 for all t g J. Assume that for some0
Ž . Ž .t g J, p t s 0. We claim that p t ’ 0 for all t g J. If this is not true,0 0
Ž .then p t is not identically zero in an interval either to the left or to the
Ž .right of t . Suppose for instance that p t is not identically zero to the left0
w .of t . Clearly in this case there exists a subinterval t , t of J such that0 1 2
Ž . Ž .p t ) 0 for t F t - t while p t s 0. Now an application of inequality1 2 2
Ž . Ž .2.9 with t s t and t s t yields a contradiction. Thus we have p t ’ 02 0 1
Ž . Ž .to the left of t . Similarly, using the inequality 2.10 we have p t ’ 0 to0
the right of t . This completes the proof of Theorem 3 corresponding to0
Ž . Ž .the solution u t of 1.2 .
Ž . Ž .To prove Theorem 4 corresponding to the solution u t of 1.2 , suppose
Ž . Ž .by way of contradiction that p t ) 0 for some t . Then from 2.9 and0 0
Ž .2.10 we observe that the following inequalities hold:
t
p t F p t exp y z s, y s ds , t G t , 3.24Ž . Ž . Ž . Ž .Ž .H0 1 1 0ž /t0
t0p t F p t exp z s, y s ds , t F t . 3.25Ž . Ž . Ž . Ž .Ž .H0 2 2 0ž /t
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Ž . Ž . Ž .From 3.24 , 2.14 , and 2.15 we have
w xp t F k exp y a q b q k t as t “ q‘,Ž . Ž .0 0 1
Ž .where k is a generic constant. Since we have assumed p t ) 0, it is0 0
necessary that
a q b q k F 0. 3.26Ž .1
Ž . Ž . Ž .Similarly, from 3.25 , 2.13 , and 2.16 we get
w xp t F k exp y a q k t as t “ y‘.Ž . Ž .0 0 1
Ž . Ž .Since p t ) 0, it is necessary that a q k G 0, which contradicts 3.26 .0 1
Ž .Hence p t must vanish identically on R and the proof of Theorem 4
Ž . Ž .corresponding to the solution u t of 1.2 is complete.
w xRemark 3. It is interesting to note that in 8 , Levine has studied the
Ž .uniqueness of the solution of a special form of 1.2 by using the well
known technique of logarithmic convexity. The method employed here in
Ž . Ž .Theorem 3 to obtain the uniqueness of solutions of 1.2 or 1.3 is
w x w xdifferent from 8 and combinations of the conditions used in 1, 5, 8, 12 .
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